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WAVEFUNCTION-ADAPTED	ORBITALSCANONICAL	ORBITALS



• Molecular Hamiltonian with 𝑀 nuclei, 𝑁 electrons

• Hamiltonian in second quantization form

From the Molecular Hamiltonian to Qubits Hamiltonians

ri: electron
coordinates
Ri: nuclear
coordinates



• Mapping the Fermion Fock space into qubits by (for instance) store the
occupation number of an orbital in the |0> or |1> state of a qubit:

Hamiltonian in the qubit space as sum of N4 products of Pauli matrices

From the Molecular Hamiltonian to Qubits Hamiltonians

Linear combination of Slater Determinants
becames superposition of qubit states
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Wave Function Ansatz from heuristic approach

• The heuristic ansatz wavefunction is:

where is a rotation around axis 𝑦 (generated by the Pauli
matrix 𝑌) on all qubits, and is an entangling block (CNOTs
between neighbors)

J Very compact L Lost of the physical and chemical meaning



Variational Quantum 
Eigensolver



limits of	NISQ	devices
• Few	qubits available ≈ 𝑂(10!)/𝑂(10")

• Noisy gates	and	decoherence

• Barren plateau	[1]:	 the	noise	causes	the	training	landscape	to	have	a	vanishing	gradient

• Connectivity	limitated by	hardware	constrains [2]

Remark:	noise-free	barren	plateaus	are	due	to	random	parameter	initialization	and	
hence	can	be	addressed	by	pre-training,	correlating	parameters,	and	other	strategies

GOAL:	Ansatz	as short	as possible and	a	
kind of	invariance of	the	results by	
respect to	the	entangler map

[1]: M. Cerezo, A. Sone, T. Volkoff, L. Cincio, and P. J. Coles, “Cost function dependent barren plateaus in shallow parametrized quantum circuits”, Nature Communications, vol. 12, 2021.
[2]: https://quantum-computing.ibm.com/services?services=systems&system=ibmq_montreal

https://quantum-computing.ibm.com/services?services=systems&system=ibmq_montreal


IDEA:	The	eigenvalues of	an	Hermitian operator	are	invariant under	a	
unitary transformation

• A	basis change is a	unitary transformation and	different molecular basis set	are	related by	
𝑎#
ϯ = ∑%𝑈(𝑅)%#𝑎%

ϯ 𝑎# = ∑%𝑈(𝑅)#%
ϯ 𝑎% where	𝑖, α = 1, . . . , 𝑛

• A unitary matrix 𝑈 can	be	written as 𝑈 𝑅 = 𝑒#&•(

𝑇 is a	vector of	a	basis of	Hermitian matrices
𝑅 is	a	vector of	real coefficients that parametrize the	matrix 𝑈 𝑅

• Define the	transformed the	one	and	the	two body	integrals (ℎ), ℎ!)	of	the	Hamiltonian

• Quantum	system	with	𝑛 single-particle orthonormal (molecular spin-orbitals)	basis set	identified with:
latin	letters =	canonical basis set
greek letters =	transformed basis set	

ℎ!*+,-(𝑅) ≝ 𝑈(𝑅)./𝑈(𝑅)01ℎ/123
! 𝑈(𝑅)24

ϯ 𝑈(𝑅)35
ϯℎ)!" 𝑅⃗ ≝ 𝑈(𝑅⃗)6#ℎ#7

) 𝑈(𝑅⃗)78
ϯ

[5]:	L.	Ratini,	C.	Capecci,	F.	Benfenati,	L.	Guidoni,	“Wave	Function	Adapted	Hamiltonians	for	Quantum	Computing”, Journal	of	Chemical	Theory	and	Computation,	vol.18(2), 899-909,	2022.	

WAVEFUNCTION-ADAPTED HAMILTONIAN THROUGH
ORBITAL ROTATIONS (WAHTOR)[5]



• For	fixed	𝑅,	the	VQE	algorithm	can	be	used	to	minimize	𝐸(𝑅, 𝜃) respect	to	𝜃

𝐻 = <
#7
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ϯ𝑎7 +
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2
<
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• Now the	Hamiltonian	depends on	𝑅

• For	fixed	𝜃,	the	𝑅 parameters	can	be	optimized	using	a	trust	region	optimizer	(we	can	calculate	the	
analytic	derivatives	of ℎ)(𝑅) and	ℎ!(𝑅))
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• Energy	is a	function of	both set	of	parameters 𝐸(𝑅, 𝜃) = BΨ 𝜃 |𝐻(𝑅)| DΨ 𝜃

WAHTOR



Trial Wavefunction | (Ψ(𝜃⃗)

VQE with fixed 𝑈

Reconstruct Energy 
𝐸 𝑈 = 1Ψ 𝜃⃗ |𝐻%(𝑈)| (Ψ 𝜃⃗ = ∑& ĥ& 𝑈 𝑃&
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O
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Quantum Computer
Classical Computer

Hamiltonian optimization with fixed 𝜃⃗

Optimization 𝜃⃗
Reconstruct derivatives
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Optimization 𝑅
𝑈 𝑅 = 𝑒1):𝑻

Rotated integrals
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Hamiltonian derivatives
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Starting unitary matrix
𝑈 = 𝐼

Hamiltonian generation

Rotated Molecular Hamiltonian
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Rotated Qubit Hamiltonian
𝐻% 𝑈 = ∑& ĥ&(𝑈)𝑃& = ∑& ĥ&(𝑈) ⨂0𝜎0&



System:	

• 6-31G	basis set	(8	qubits,	16	derivatives)

• Jordan-Wigner mapping

• Depth	2

• Statevector simulator

For	each entangler map:
• Green	star:	lowest energy	obtained from	50	times	VQE	run
• Blue	circle:	WAHTOR	energy	obtained starting from	the	green	star

ENERGY	AS	A	FUNCTION	OF	ANSATZ	TOPOLOGY

RESULTS:	𝑯𝟐MOLECULE

WAHTOR	
states with	
same energy	
represent
the	same
physical
state	



System:	

• 6-31G	basis set	(8	qubits,	16	derivatives)

• Jordan-Wigner mapping

• Depth	2

• Statevector simulator

• Entangler map:

FIXED	ANSATZ	TOPOLOGY

RESULTS:	𝑯𝟐MOLECULE

VQE	states
with	%	

correlation
energy	less
that HF	
energy	do	
not appear

100	times	VQE	run:
• Green	stars:	VQE	energies	
• Blue	circles:	WAHTOR	energies	starting from	the	corresponding VQE



System:	

• 6-31G	basis set	(8	qubits,	16	derivatives)

• Jordan-Wigner mapping

• Depth	2

• Statevector simulator

• Entangler map:

RESULTS:	𝑯𝟐MOLECULE
DISSOCIATION	CURVE:		H2à 2H

For	each atomic distance:
• Black	circle:	lowest energy	obtained from	50	times	VQE	run
• Blue	triangle:	WAHTOR	energy	obtained starting from	the	black	circle



• #	VQE	parameters:	48/54	total

• #	WAHTOR	parameters:	24	ansatz +	Hamiltonian ≤ 40	total (symmetries)

• Short	depth means that the	number of	the	gate	in	the	circuit is reduced

• Invariance of	the	results by	respect to	the	entangler map

Reduction of	the	effects of:	noise,	decoherence,	barren plateau

• Less	parameters to	optimize
• Optimization of	𝑅 use	analitic derivatives	

Entangler	map	adapted	
to	hardware	connectivity

RESULTS:	𝑯𝟐MOLECULE
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CAN	WE LEARN SOME	CHEMISTRY?
• ⟩|𝑊 WAHTOR	orbitals

• ⟩|𝑁𝑂 Natural	orbitals

• | ⟩𝐻𝐹 Hartree-Fock orbitals

N	=	number of	optimized orbitals

δ ∊ [0,1], measure	how	much	the	WAHTOR	
orbitals	are	close	to	the	natural	orbitals,	

taking	as	reference	the	Hatree-Fock orbitals	

⟩|𝑊 ≡ ⟩|𝑁𝑂

Why	 ⟩|𝑁𝑂 are	important?

It	has	been	conjectured that, in	
this basis, the	quantum	state	is	

expressed	with	the	least	
number	of	determinants

(Lödwin 1955) [6]

[6]	P.	Lödwin,	“Quantum	Theory	of	Many-Particle	Systems.	I.	Physical	Interpretations	by	Means	of	Density	Matrices,	Natural	Spin-Orbitals,	and	Convergence	Problems	in	the	Method	of	Configurational	Interaction”,	Physical	review,	vol.	97,	1955

Natural Orbitals (NO) are the orbitals that diagonalise the reduced one-body density matrix



• ⟩|Ψ qubit wavefunction
• ρ = ⟩|Ψ ⟨Ψ| density	matrix
• ρ# = 𝑡𝑟BC#(ρ)	 reduced	density	matrix	for	qubit	i
• 𝑆(1)# = −𝑡𝑟(ρ#log ρ#)												Von	Neumann	one-qubit	entropy
• 𝑆(2)#7 = −𝑡𝑟(ρ#7log ρ#7) Von	Neumann	two-qubit	entropy

𝐼_` =
a
"
[𝑆(1)_+ 𝑆(1)` − 𝑆(2)_`](1-δ_`)

Quantum	mutual	information	capture	the	correlation	between	
the	two	qubits.	If	the	state	of	the	qubit	i is	know,	𝐼#7 measure	the	

information	obtained	on	qubit	j.

System:
• 𝐻!𝑂molecule
• Sto-3g	basis set
• Jordan-Wigner mapping
• Qubits {0,1,2,3,4,5}	=	spin	orbitals
• Qubits {6,7,8,9,10,11}	=	spin	orbitals

Quantum	Mutual information
ORBITAL CORRELATIONS



RESULTS:	𝑯𝟐𝑶
MOLECULE

• correlations	are	concentrated	on	
a	smaller	number	of	qubits	pairs	
(as	expected	in	 ⟩|𝑁𝑂 basis)

• The	same	results	can	be	
obtained	for	the	other	molecules	
under	consideration	(𝐻!,	Li𝐻,	
HF,	Be𝐻!,	𝐻!𝑆,	𝑁𝐻")





RESULTS:	𝐁𝒆𝑯𝟐MOLECULE

Whats	happen if ⟩|𝑁𝑂 ≡ ⟩|𝐻𝐹 ?

WAHTOR	algorithm does

not optimize

D⟩|𝑊 ≡ |𝑁𝑂 ≡ ⟩|𝐻𝐹



CONCLUSIONS
Wevefunction-Adapted Hamiltonian Through Orbital Rotations (WAHTOR)	

• Improve the	VQE	results escaping from	the	local minima	

• Ansatz	are	composed	by	a	lower	number	of	quantum	gates

• Invariance	of	the	results	respect	to	the	ansatz	topology

• Hamiltonian	parameters	are	optimized	using	analytic	derivatives

• For	small	molecules	(H2,	LiH,	BeH2,	H2O,	NH3)	WAHTOR	converge	to	the	
natural	orbitals,	correlations	are	concentrated	on	a	smaller	number	of	
qubits	pairs



SU(N)	FERMIONIC SYSTEMS

[7]	Rapp	A,	Zaránd G,	Honerkamp C	and	Hofstetter	W,”	Color	superfluidity	and	‘baryon’	formation	´ in	ultracold	fermions”,	Phys.	Rev.	Lett.	98	160405.
[8]	F.	Scazza,	C.	Hofrichter,	M.	H¨ofer,	P.	De	Groot,	I.	Bloch,	and	S.	F¨olling,	“Observation	of	two-orbital	spin-exchange	interactions	with	ultracold	su(n)-symmetric	fermions”,	Nature	
Physics	10,	779	(2014).
[9]	M.	Consiglio et	al,	“Variational	quantum	eigensolver for	SU(N)	fermions”,	J. Phys. A: Math. Theor. 55 265301 (2022).

(	Picture	from	ref.	[9]	)



Hubbard-like	Hamiltonian with	SU(3)	fermions

VQE																																																																			WAHTOR
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