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Quantum Computing @ CINECA

CINECA: Italian HPC center
CINECA Quantum Computing Lab:
- Research with Universities, Industries and QC startups

- Internship programs, Courses and Conference (HPCQC) rmengoni@cineca.it

https://www.quantumcomputinglab.cineca.it
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Recap of Quantum Computing
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Linear Algebra Recap
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Linear Algebra Recap

Scalar Product
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Linear Algebra Recap

Scalar Product

<hwy = (oF &F . 7)

The scalar product induces a norm
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Linear Algebra Recap

Outer Product
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Linear Algebra Recap

Tensor Product
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Linear Algebra Recap

Tensor Product
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Postulates of Quantum Computing (1)

1. Unit of Information
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Postulates of Quantum Computing (1)

Classically

Unit of classical information is the bit

State of a bit:
A O
|°>=<O) '17:(1)
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Postulates of Quantum Computing (1)

Quantumly

To a closed quantum system is associated a space of states H which is a
Hilbert space. The pure state of the system is then represented by a
unit norm vector on such Hilbert space.

The unit of quantum information Is the quantum bit a.k.a. Qubit

State of a qubit:

|0p= aloy + 1= ()
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Postulates of Quantum Computing (1)

Space of states: H= C’
State of a qubit:

9= aloy + Bl (5)

L, Bel Io(\?'Jr]BIZ:i
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Postulates of Quantum Computing (1)

Space of states: H = bit 10)

State of a qubit:
_ oD 4 _ [
[9)= alo) + Ble= (3]
L,BeC [P

Can be parametrized as:

\de> COb( )lOPJr Q¢$|h<z)!i>
@é[o,ﬂ‘} é{;é[o,m}

A

bit 1)
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Postulates of Quantum Computing (2)

2. Composite systems
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Postulates of Quantum Computing (2)

Classically

State of N bits:

000..0), |4100.0),[040...0p . [111..4)
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Postulates of Quantum Computing (2)

Quantumly

The space of states of a composite system is the tensor
product of the spaces of the subsystems

CE?,@ Cl@ @ d:q,

State of N qubits:

D<i\ooo_.o> 4 o o ioo-_o>+°(3!010.,o>+,,_ o{n\iii-.i>

ds & C ZL\"lL\Z:i
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Postulates of Quantum Computing (2)

Quantum Entanglement

States that can be written as tensor product

[(P>: lq‘)i>® {kPL>® -~® ‘\PN>

are called factorable or product states
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Postulates of Quantum Computing (2)

Quantum Entanglement

States that can NOT be written as tensor product

WS £ (v Se [V, e @ |V

are called entangled states
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Postulates of Quantum Computing (2)

Quantum Entangled

Bell’s states

A-:lf~<l00>+lii>> A_——‘f—(loi)d—liO))

| A _
N-:;(loo)—-lii)) ﬁ<10i> ?iﬂD)
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Postulates of Quantum Computing (3)

3. State Change
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Postulates of Quantum Computing (3)

Classically: logic gates

Logic Gate Symbol Description Boolean
— Output is at logic 1 when, and only when all its inputs
AND D— are at logic 1,otherwise the output is at logic 0. X = AB
Output is at logic 1 when one or more are at logic 1.1f
Il input t logic 0,output is at logic 0.
OR i>— all inputs are at logic 0,output is at logic X = A+B
—_— Clutput is at logic 0 when,and only when all its inputs
NAND } are at logic 1,otherwise the output is at logic 1
- X=AB
Cutput is at logic 0 when one or more of its inputs are
NOR D at logic 1.If all the inputs are at logic 0,the output is at N
logic 1. X=A+B
Output is at logic 1 when one and Cnly one of its inputs
is at logic 1. Otherwise is it logic 0.
XOR :)D— : 9 X=A®B
Output is at logic 0 when one and only one of its inputs
:DD_ is at logic1.Otherwise it is logic 1. Similar to XOR but —
XNOR inverted. X =A$ B
Output is at logic 0 when its only input is at logic 1, and
NOT ‘Do— at logic 1 when its only input is at logic 0.That's why it —_
is called and INVERTER X=A
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Postulates of Quantum Computing (3)

Quantumly

The state change of a closed quantum system is
described by a unitary operator

LA ey PEY = € (YD
4T - +HE

Schrodinger Equation
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Postulates of Quantum Computing (3)

Quantumly: Quantum Gates

X Gate
Bit—tlip, Not

Z Gate
Phase~flip

H Gate
Hadamard

T Gate
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Postulates of Quantum Computing (4)

4. Measurement
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Postulates of Quantum Computing (4)

Classically

Measuring returns the state of a bit with certainty

Qutcome Qutcome

‘O) Measure » |1> Measure » ‘1>

Measurements do not affect the state of a bit
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Postulates of Quantum Computing (4)

Quantumly

Measuring returns the bit state with some probability

Outcome
Measure IO> with @fc, - { Dl\'z,

(W)= ot [o) + Bla)

14> with T = | B|®

Measurement affects the state of a qubit
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Postulates of Quantum Computing (4)

Quantumly

. To any observable physical quantity is associated an hermitian operator O
OIOL7 = O:;,\ga.>
. A measurement outcomes are the possibile eigenvalues {o;}.

. The probability of obtaining o; as a result of the measurement is

Qm (O';A = \ 4dt)‘ O;c.>\2

. The effect of the measure is to change the state [y) into the eigenvector of O

9D — |95
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Quantum Algorithms
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Quantum Algorithms

Quantum Algorithm = Quantum Circuit

A quantum circuit with n input qubits and n output qubits is
defined by a unitary transformation

U e U(2")

CINECA ()2 hs ue



Quantum Algorithms

Initialization
& Resets

Quantum Gates Measurements

e I

do .

a1

Op;

crz A
crx A
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Quantum Algorithms: Gates
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Quantum Algorithms: Gates

Single Qubit Gates

Generic single =
qubit rotation: R_, (9) = Cob(ﬁ_\ T - L sin (%9_) e O

LA

Paull matrices:
o 4 _( ° - A 5 = _ 4 ©
O;=X:(i o) 071:\{_(3 0) 2 z (O“J

. ~— £ ©
ldentity: _{| = ( o 4
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Quantum Algorithms: Gates

Single Qubit Gates: Hadamard
o 1 1 _ L
A Nz (4 —i) H - ""E’Z

Hio) = L (|o> + ID} |+
~
N = L(1or- () = 12

.
2
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Quantum Algorithms: Gates

Single Qubit Gates: Phase

o Wy (0D =]0
ur (i 5-4:) b -11
ui,lﬂ -e |9
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Quantum Algorithms: Gates

Two Qubit Gates: SWAP

Ucare 1220(227 = 1220 12,0 2, 2, € {0,13
4 © o o
O o 41 O _ 1
meQ - Q i O O \S\NkQ - B
o O O 4
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Quantum Algorithms: Gates

Two Qubit Gates: Control Not

0 - (i 0 %) o 20l = 125 X [2)

Uy [09) = (09)

| Uc.x14-°>=‘-k“>

Uy = —&— ex [ 47 = [0 2)
Uuli{-7= [107
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Quantum Algorithms: Gates

Two Qubit Gates: Control Unitary

(U (250220 = |25 07 [22)

Control Phase

CUy Iz - (20 WY =27

4 ©
(% (Zt
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Quantum Algorithms: Gates

Three Qubit Gates: Toffoli

2,2,

Uclx |2, 2.2,) = 22,7 X 125)

\%17 - 120

|22

Xi-uiz \Za? - ( 2,60 2|.21>

\21)

| 2,) —9
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Quantum Algorithms: Universality
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Quantum Algorithms: Universality

Universal set of Quantum Gates
We can exactly build any unitary U e \J (z“) on n qubits

by means of single qubit gates and Control-Not

G‘u = «Ue u(‘ﬂ) chtg
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Quantum Algorithms: Universality

Universal set of Quantum Gates
We can exactly build any unitary U e \J (z“) on n qubits

by means of single qubit gates and Control-Not

G‘u = «Ue u(‘ﬂ) chtg

2N

4 0 OO

. — 2 _|o4LooO

RR (9) = CO{B(—%\]_ — 4 3w (%\“'0_ ch - o000 4
o 041 O
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Quantum Algorithms: Universality

Universal set of Quantum Gates
Given U, U\ & u(z‘n), U' approximates O within
¢ (e30) it d(U,V)<e
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Quantum Algorithms: Universality

Universal set of Quantum Gates
Given U} U\ S u(z“) U' approximates O within
¢ (e30) it d(U,V)<e
where Cl (UJ,Ul): me X H (U'U\)ILP>\I

19D

o ||1O( =4 LH®
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Quantum Algorithms: Universality

Universal set of Quantum Gates

We can approximate any unitary U & (z“) on n qubits

by means of the following gates

{H,SIT,UCX%
Mo L(t 1) S-(te) To(6 &4
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Quantum Algorithms: basics
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Quantum Algorithms: basics

Multiple Hadamard gates

@N
| 0) :\\2— N(\vl‘fb
| 0) ¥ — @ N
._ = o) K" [ —
o) —{E—
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Quantum Algorithms: basics

Single Qubit Gates: Hadamard
o 1 1 _ L
A Nz (4 —i) H - ""E’Z

Hio) = L (|o> + ID} |+
~
N = L(1or- () = 12

.
2
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Quantum Algorithms: basics

Multiple Hadamard gates

a— = = t_\é < (05 <o| + [0Y<Al + 1£5<0| —-[i>(d_>

onN [ @N: | S (-i)wj \><><‘H
g = [ — ?ﬂ
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Quantum Algorithms: basics

Multiple Hadamard gates

@ N
H -

A

‘ O>®I\\ H@N | Z (_‘ J.)X'\j \X ><“[\O> _
A2 el
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Quantum Algorithms: basics

Multiple Hadamard gates

@N

H -

QN H®N : | (—-J.) X><\-r\\ O> =
oL s
&oy ~

Kronecker delta
5”d£f{ 1 if 1 :.g

0 otherwise

\_ _/

~
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Quantum Algorithms: basics

Multiple Hadamard gates

1 —
. | / 7 s ~
2 - .
\O>® _L | Z (—-J_) \X><\T\O>:
A2 e T

Soy

I Z l X> a Kronecker delta A
- N .1 s def [1f i=j

2 xefou bl { 0 otherwise
N _/
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Quantum Algorithms: basics

Function evaluation

N y
Given a function J} {0117 — {Ofi]] ,an algorithm to evaluate

such function is given by the unitary Uj
X1y =5 ) 1y efK)
where X € J\OriLTM ﬂ 6’10fiLjM

CINECA ()2 hs ue



Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm

D-J Problem

N
Consider a function %’ éo’i\? - %O’ij with the premise that
it is either constant (returns O on all inputs or 1 on all
Inputs) or balanced (returns 1 for half of the inputs and O for
the other half).
B

o | o<}
;= fxedod [ -

1{-}

Ao X & \f\o‘:zd OR [Aille )ConStant
A, =4xe j\

| Ao = |A2]= 2" balanced

l-.}..
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Deutsch Jozsa Algorithm

How many evaluations («queries») of the function are needed
to determine with certainty if such function is balanced or
constant?
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Deutsch Jozsa Algorithm

How many evaluations («queries») of the function are needed
to determine with certainty if such function is balanced or
constant?

Classically

Since the possible input strings are 2V, we need to check on
average (half +1) strings, i.e. 2V~1 + 1 strings

N -
Classical Query Complexity ~ 9 + 4
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Deutsch Jozsa Algorithm

Quantum Solution

_ — & N

l O>®Nf/ !ng Her [X]
Vs

(17— B =] I

B%Oﬂ“ﬂofﬁ and X3 197 =% \wi@a@(m}
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Deutsch Jozsa Algorithm

H

- N

ow—— HE H =] .
” ’LE] v Step by step analysis
|47 4— 1
N
10719
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Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm

———

OM’A ™ ”_LH@—NL“@@M -
REals ‘E Step by step analysis
14y —{H]
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Deutsch Jozsa Algorithm

Step by step analysis

—

o [ S Elaiail
H

et y

|47 — H

&N

107 14y 5 HE[oY

Higy =

D) ({O)—-l.’i)
X N2

| o) Y2, L5 10 loegey Z\@u@g(m
AP 2_!@ T) Nt ST m NT

CINECA ()2 hs ue



Deutsch Jozsa Algorithm

o H@”‘| Sl .
REals @ Step by step analysis
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Deutsch Jozsa Algorithm

———

o1y "“\ﬂ—‘@m )
' '749 ‘E Step by step analysis
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Deutsch Jozsa Algorithm

o H@”“ S il .
REals E Step by step analysis
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Deutsch Jozsa Algorithm

OM’A ™ ’EL“@@M -
REals ‘E Step by step analysis
14y —{H]
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Deutsch Jozsa Algorithm

O@NA en | W’T @M .
' EJE Step by step analysis
|17 H B
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Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm
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g
|4y —{ H ] -

=]

&N

A

(2

7 (i (1222

Step by step analysis

® N

) -

—

@ 7,2

a _ )
LD ()7 19k Z(.-ﬂmm

n

CINECA ()2 hs ue



Deutsch Jozsa Algorithm
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Deutsch Jozsa Algorithm

oml H® E @@M .
‘ ’Aj«@ Step by step analysis
49— H] - el
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Deutsch Jozsa Algorithm

H

O@NA en | W’T @M .
' EJHL Step by step analysis
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Deutsch Jozsa Algorithm

H

O@N/A en | ?“T @@M .
‘ I‘L@ Step by step analysis
14y —{H]

__ — Y-XO % (x) _ X (%)
% [-\; % -9 }I‘D B Outcome Y& 40,1\]N with Pm(ﬂ:[% 2 (—L)ijg J

2

2
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Deutsch Jozsa Algorithm

H

O@N o ?“T @@M .
‘ ’Aﬂ«@ Step by step analysis
14y —{H]

__ — Y-XO % (x) _ X&)
% [-\—N % (“) }I‘D B Outcome jé 40,1\]N with Pm(ﬂ:[% 2 (—L)ij J

2

2

dﬂ, constant w®

(returns 0 on all inputs
or 1 on all inputs)

CINECA ()2 hs ue



Deutsch Jozsa Algorithm

H

O@N en | ?“T @@M .
‘ ’AI‘LBTL Step by step analysis
14y —{H]

__ — Y-XO % (x) _ X&)
% [-\; % -9 }I‘D B Outcome Y& 40,1\]N with Pm(ﬂ:[% 2 (—L)ij J

2

2

Y ¥ FEi

(returns 0 on all inputs
or 1 on all inputs)
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Deutsch Jozsa Algorithm

H

O@N/A o | ?“T @@M .
‘ I‘L@ Step by step analysis
1) —{ H ]

_ — Y-X@%(x) _ XS (X)
% [-\; % -9 Jl‘j> B® Outcome Y& 40,1\]'\] with Pm(ﬂ:[% % (_L)‘ng JZ

2

ﬁ balanced ®

(returns 1 for half of theinputs
and O for the other half)
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Deutsch Jozsa Algorithm

H

O@N/A en | ?“T @@M .
‘ I‘L@ Step by step analysis
14y —{H]

_ — Y-X@%(x) _ XS (X)
% [_\_N % (-9 J|x1> B® Outcome Y& {o,i\]"‘ with ?,L(ﬂ:[% % (_L)‘JXS Jz,

2

ﬁ balanced j:(o,o/o_,o\ [ (4) {5[; %(-—\%mjl-—-o]

(returns 1 for half of theinputs
and O for the other half)
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Deutsch Jozsa Algorithm

How many evaluations («queries») of the function are needed to
determine with certainty if the function is balanced or constant?

{ &N

| 07@\1 E Jy ==

EV T*—L/_r—*"
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Deutsch Jozsa Algorithm

How many evaluations («queries») of the function are needed to
determine with certainty if the function is balanced or constant?

{ &N

| 07@\1 E Jp ==

EV T*—L/_r—*"

Quantum Query Complexity =1

[Classical Query Complexity ~ QM_\M}
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Bernstein Vazirani Algorithm
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Bernstein Vazirani Algorithm

B-V Problem

Consider a function f: {O:i\f — {O/ij such that

OQ(X) = WX = (w, Wy - W) (X,Yz,..YN)

The task is to find the string w

CINECA ()2 hs ue



Bernstein Vazirani Algorithm

Classical Solution

OQ(X) - WX = (m, UJ?,--.N,,.)- (X,Yl,..Y,u)

-

(W) Wy W)+ (£ 00 . O) Classically we
W, W, .. WY (04 o0...0 need N evaluations

(Wi e v ) > of the function to

recover w
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Bernstein Vazirani Algorithm

Quantum Solution (same circuit)

_ — &N

ke Gl e
Vs

(47— B 1 I
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Bernstein Vazirani Algorithm

H
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ow—— HE H =] .
7 ’LE] y Step by step analysis
|47 4— 1
N
107" 14

CINECA ()2 hs ue



Bernstein Vazirani Algorithm
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Step by step analysis
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Bernstein Vazirani Algorithm

H

O@N/A on || - Fp@m} .
Rat E Step by step analysis
|4y —{ H

—
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l |0 - 147 \ \ | WX = [£6 WX
— D 1O ( ) ¥ | ( X )
(2" Z = ) 0 T 2 <) o

CINECA ()2 hs ue



Bernstein Vazirani Algorithm

)

O@N/A on | | FF@@M .
Rats E Step by step analysis
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Bernstein Vazirani Algorithm

H

oml HE [ @@” .
| ”LE]E Step by step analysis
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Bernstein Vazirani Algorithm

O@N’AH@N,.—_ ?“T @&M .
l jﬁ Step by step analysis
’1>F‘{E B t @N]
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Bernstein Vazirani Algorithm

O@N’AH@N,.—_ ?“T @&M ]
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Bernstein Vazirani Algorithm

EY;
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Bernstein Vazirani Algorithm

H

O@N/A en | ?“T @@M .
‘ I‘L@ Step by step analysis
1) —{ H ]

2 1 2

2 [.\_N %(—\?.mwx}\‘b » Outcome ]%7: ]m) with probability
(Wewyx \*
Buf) - (& 2"

gl
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Bernstein Vazirani Algorithm

H

O@N/A on | ?“T @@M .
‘ I‘L@ Step by step analysis
1) —{ H ]

2 [.\_ %(—\?.mwx}\‘b ® Outcome ]%7: |W> with probability

[?M ( 3 ") 1]

9 | 2
Quantumly we need 1 evaluation of the function to recover w
(classically it was N)
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Simon Algorithm
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Simon Algorithm

Simon Problem

Consider a function X/f ﬁofﬁ”ﬂ—b {OAN such that

3 oY {@,1‘{1-} j(xw}é?@ ¥« ¢ %o,i\]rd

The task is to find the string p
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Simon Algorithm

f(z)

000

101

001

010

010

000

011

110

100

000

101

110

110

101

111

010

Simon Problem

CINECA ()
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Simon Algorithm

f(z)

000

101

001

010

010

000

011

110

100

000

101

110

110

101

111

010

Simon Problem

p =110

CINECA ()
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Simon Algorithm

Classical Solution

Consider Mstrings x® x® ") with xX7 ¢ {o,i)"' and check if

g(xm) :g (Xm) , 1f so x(ﬂ: x(ﬂ@ o — {= xcﬂ@ X

The total number of checks using M strings is

MR-
-

CINECA ()2 hs ue



Simon Algorithm

Classical Solution
The probability of finding p using M strings is hence

1) N
()= 2=/ 2

If we want at least Pr (%) > —2‘-; this means that

M( H-1)
5 M scales
__1_ N\
N 5 exponentially

CINECA @%amc -



Simon Algorithm

Quantum Solution (not the same circuit)

o7

-

&N
[0) <

”BTJ}_ '
s

el

j

H@N

@N

- [il

[f; fos)' = Lo,y ana [x)1y) 2+ [ 19060

CINECA @
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Simon Algorithm

= —— |
o E’W Step by step analysis
o) ]

®N  ®N
|o> oD

CINECA ()2 hs ue



Simon Algorithm

|07 ——7/
g

A .
) W Step by step analysis
J—L—/d_hu@

]o) oD N——'—D ,J?' 219 ]o)

CINECA ()2 hs ue



Simon Algorithm

OQN’#—IH@J r ‘___{IH(@‘N]__\@@M |
‘ :}] y | Step by step analysis
1 —

|O>—'7Z”—’_’_L

oN  on H®° leDIO)

l SIS | O | 26&))
ﬁ?_\)D\Q) @2138

CINECA ()2 hs ue



Simon Algorithm

e e .
| }W Step by step analysis

—H®N

LS O \8(‘2)>

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

LS o 8&0 and measure the second register
JEIE

Suppose we measure lcg (G‘:»:’)? , the state after the measurement is

— (1’32> r[Re V)| ()

CINECA ()2 hs ue



Simon Algorithm

oN

|0 M"%—‘E’. ! il )
s
|0 ;N—-?L—‘—’L_/_ —"

an

Step by step analysis

IQ_—Z(I’X">+ (R p)) \M
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Simon Algorithm

Step by step analysis
D—

CINECA @
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Simon Algorithm

£ %E]*ﬁ
J
|0 >@N—'7L—’_’_L_/_:

N

TR §

B}@N
J

an

= Z | [(-——\)

b ?_

Her O
< (130« [Rep))1§(R)> — R

Step by step analysis

D_

R P)
(@? i\w)

()" H><;1('9'>+

CINECA @
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Simon Algorithm

_{__\/k_

%
-

ZN

Step by step analysis

‘ N Yo
2 () I <ol (1202 2 )

Outcome string y with probability

, >
\ y.X 9-(X®¢)

@“’-(\5} = wal &(“‘ﬂ + (el.) 1

\— _J
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Simon Algorithm

o] ’Hﬂ_:@@”‘ .
| ’A}W Step by step analysis

N

loje"?L—‘—'l___/_

\ y.X 4-(Rop) |t
P (9) = ﬂ(-—ﬂ (3

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

If 0-%=4 we get

\ X 49-(X@¢) ~ NN
Pm(\g - ZTH E(‘\? *(") » ?m(bgz # J'(__lylﬁ-i" _(A\‘D-%l 5
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Simon Algorithm

Step by step analysis

If 0-%=4 we get
\ X 49-(X @) ~ Ry
NORFHORIONEE b= 7 [ (V7 -( 1=0

A
We always find a string s.t.

Pry=c

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

If 0Q-%=4 t
P = E(ﬂ;;; (U(XM D k o 5-\2/6 ge‘ﬁ -
o % e i [T (T

W) ¥
Torecoverp |23 =0°

We always find a string s.t.
L (D)
we need to vy =0 € .
solve this 1 P-i=0
linear system (N _
y g-y =0

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

(4) 4 ) WA
-y '=0 ® The probability of having Y ) N i 5( ) linearly
93P ¢ independent is: QR_(L;],) C L= 2™ with wan

' '2’N
R-9"= o

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

(4) - . (4) () (w)
£ = © @ The probability of having 3~ 4 -~ 8 " linearly
g -4(P_ o independent is: QR_(L;],) C L= 2™ with wan
\ N
X ’ 2
Q - b("ﬂ - O In order to be sure to find a L.i. set, we have to repeat the
algorithm a number of times equal to
1
4 K — £ 2
4. -2
.?_.-N

CINECA ()2 hs ue



Simon Algorithm

Step by step analysis

NG I . . () (D (w) .
£ = © @ The probability of having 3~ 4 -~ 8 " linearly
Z . T~
Q - ?5( =0 independent is: QR_(L;],) C L= 2™ with wan
l! ’ .2.N
Q - bﬁ"ﬂ - O In order to be sure to find a L.I. set, we have to repeat the
algorithm a number of times equal to
|
4 [ 2
Complexity of the Simon €« < g D
Algorithm scales like 2N "
(classically it was 2V/2) >

CINECA ()2 hs ue



Quantum Fourier Transform
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Quantum Fourier Transform

Discrete Fourier Transform

Given a function g - G = L | the DFT is defined as

\

%J =

- %e( ) } (95—5)

where 7ﬁ (Oa\

Q,Tw K'J

CINECA @
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Quantum Fourier Transform

Quantum Fourier Transform

Given a basis state |35, the QFT is defined as

19,055 3 A, (30) 187

oW~ KI K'J

where 7ﬁ (Oa\

CINECA ()2 hs ue



Quantum Fourier Transform

Quantum Fourier Transform

Given a state M> > 1(%+)19+7, the QFT is defined as

[9-2, 303)la0F 29a) L2208

oW~ KI K'J

where 7ﬁ (Oa\
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Quantum Fourier Transform

Quantum Fourier Transform

N
Suppose 56{9---2“} i.e. the dimension of the space is 2"

The QFT In this case becomes

2 - 9. Ta KIS
A >

K =0

QFT \ﬁ
150 7

Is it possible to realize such transformation
efficiently on a Quantum Computer?

CINECA ()2 hs ue



Quantum Fourier Transform

‘ j) G\F"LD

QFT Circuit
It is possible to rewrite the previus equation as follows
\ 2 2Th K3 \ (§J T T
‘ 2" <> = 2
{28 & ¢ \ et (107 t e H—))
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Quantum Fourier Transform

QFT Circuit

It is possible to rewrite the previus equation as follows

\

—

‘ j) G\F"LD

N2®

N
®| (107 v e

9T a7J
.

Lol amiKD |

2N
15 ~(HHAF-{RuHY]

13, | @@4@1

| 34 [HHR,]

[ 307 : . [HJ—

CINECA @
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Quantum Fourier Transform

QFT Circuit Proof

4 Recall that we can write in binary form as follows A
N i N-b
Kéfo’i"'lﬂlx _4) K:le <2
| _/
4 21‘_ 92T~ T I<1_ 2N_L
e o IK:'. iKq K~> =

CINECA ()2 hs ue



Quantum Fourier Transform

QFT Circuit -

1 HHRF-{RuM
927 L E@'{?{:?‘\ 5 =

| Sl

| 35 : THHR,! <
By, ‘ L l se— H] \SN‘“‘QJ J
Complexity: N [H] + NZ\SN&PH N(D“‘)@ — O(NZ)

CINECA ()2 hs ue



Quantum Phase Estimation
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Quantum Phase Estimation

QPE problem

Given a Unitary U and a quantum state W> such that

U'k\)>: Q'MTLGHO

The task is to estimate &

CINECA ()2 hs ue



Quantum Phase Estimation

QPE circuit
10> —{Hl— —[=
| ©7 ———@ ¢ QF‘T-\ ”’@
0> @ | Eﬂ
¢y Lo HUE A

CINECA ()2 hs ue



Quantum Phase Estimation

10> +{H] =]

19> HH) art' =] . . .

~ | QPE circult analysis
| o>} 15 +— =

1w~ W HeT

19,0 = (o) [9)
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Quantum Phase Estimation

10> {H] — =]
% -——@ QET —(=]

QPE circuit analysis

| o> HH) - (=

e e
1&520>-_—. ,o>®N N)> - ]k\)i7:r\r.__z‘f(|o>+li>)@”|\\’>
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Quantum Phase Estimation

10> —{H| =]
| o —@ QET ’_@

QPE circuit analysis

| o> —{H] - (=]

B
w>%@-\ﬂ“ﬁ! S

> o>®N . W:J:fz\‘:(]owli})@h] R,
l

lwz>: ,\Ta‘? ; eawelnéﬂ\w
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Quantum Phase Estimation

10> —{H] j-Eﬂ
1 9> —H| art [T
l O> —@ _,L 1 B]
vy -~ [ He T

QPE circuit analysis

1\&)O>: JO>®N !q)> . ’wi>:(%7_(lo>+li>)®'dlkp>

|

—lwz>:,{‘?—

N
2 -\
o wik B

.LI'«‘-

=0

<

|
=0

LT (%03 )

C

o> 19D

CINECA @
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Quantum Phase Estimation

10> —|H| A

1 9> —H| ] . .

QPE circult analysis

[ o> —{H]
B N R o

o BT y The probability of measuring |
_(_- Qi"_\ 21— 9‘__;_1_\‘_2__5__(9_"‘9_3) 2 7‘_"_‘_5‘__%-—- o —3.) 2

[T3)= o7 2 & e 5>1v> » Pfc(s):[;‘;— 2 oo ( }
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Quantum Phase Estimation

10> —|H| A

1 9> —H| ] . .

QPE circult analysis

[ o> —{H]
B N R o

o BT y The probability of measuring |
_(_- Qi"_\ 21— 9‘__;_1_\‘_2__5__(9_"‘9_3) 2 7‘_"_‘_5‘__%-—- o —3.) 2

[T3)= o7 2 & e 5>1v> » Pfc(s):[;‘;— 2 oo ( }

If > =2"6 the probability becomes Q,-C (j =" 6) = 71

State after measurement: \ KPL\ = 12"e) 1D

CINECA ()2 hs ue



Shor Algorithm
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Shor Algorithm

Facorization Problem
Given N , find the two prime numbers such that

N=¢xa

CINECA ()2 hs ue



Shor Algorithm

Facorization Problem
Given N , find the two prime numbers such that

N=¢xa

Classically: Finding Used in the
solution requires » RSA crypto
exponential time system

CINECA ()2 hs ue



Shor Algorithm

Modified version of QPE to solve
factorization in polynomial time

10> —{Hl—+- —[=]
19> —{H| ' QFT, —(=]
o> —{H| —[=

Ly - He - W

CINECA @
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Shor Algorithm

A
4k} .
£ Exponential
= P g Time to factor a
& speedup 2048-digits number
Number Field Sieve .
EXP{:IQ lﬂg{:nlfaj " lﬂg{lng{:n:})zfgj -~ b||||0ns Of yea 'S
——
; I
|
|
|
|
Shor's Algorithm  log(n?®) :
~ seconds*l__
— : -
0 500 1000 1500 2000
Number of bits

* Assuming we have a fault-tolerant quantum computer capable of executing Shor’s algorithm by
applying gates at the speed of current quantum computers based on superconducting circuits
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Grover Search
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Grover Search

Searching Problem

We have access to an unstructured database of 2V
elements, the task is to find the ¥ element

Assume to have a function g; {0/4'\“‘” { Ofi% such that

41 F x=%
f(ﬂ: o IF X #%

CINECA ()2 hs ue



Grover Search

Searching Problem

We have access to an unstructured database of 2V
elements, the task is to find the ¥ element

Assume to have a function g; {0/4'\“‘” { Ofi% such that

fer-

4 F x=<%

o IF X #%

2

Classically, in order to find the

searched element, we have to

evaluate this function on 2¥-1
Inputs (on average)

CINECA ()2 hs ue



Grover Search

Grover Algorithm

1 x=% Obtained via - i
j(ﬂ: { o IF X #% the unitary \Jﬁ i |X)  1F X #X

g 1= (2 |

CINECA ()2 hs ue



Grover Search

Grover Algorithm

oA MH,}-% =

Repeat ,\E times
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Grover Search

Grover Algorithm

e

Repeat ,\E times

S =aled <ol

@ N

-1
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Grover Search

Grover Algorithm

oA M:ﬂ’lﬂ}f"'

Repeat times

(%) N

pI0= (4 |x EPIE DX
Us = H™ (lxof”@f”.. L) K" = afs)s|-T
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Grover Search

— geometrical analysis

Repeat ~ 2™ times

| O>@N e ﬂ Uy H_\—\M’J?H H*'L="| Grover Algorithm:

CINECA ()2 hs ue



Grover Search

| oﬁ%\ H*" % Uy H@E@N Grover Algorithm:

geometrical analysis
Repeat ~ K 2™ times

| XD
AMCLITUDES
N A\ L

Equal superposition
of all possible
elements
15>=1¥o?

&
<

WY %2

~
-

0 N
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Grover Search

&N @N -
e l ' ]% e eN| Grover Algorithm:
\ O> %‘ | U‘? E:Lﬁ geometrical analysis

—_
Repeat ~ K 2™ times

%> AMPLTUDES
A A
Amplitude of the
searched element
15>=1%e7 o~ :
/ X becomes negative
! ~ (8'S >
- N -

Y

\ Uaelk_\{o?
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Grover Search

| ogié\ H*" ﬂ Uy \HEH@M Grover Algorithm:

geometrical analysis

Repeat ~ 2™ times
1% AMELITUDES
A
Ug UgWO :
Amplitude
amplification of
—~J
X searched element
[ 5> = le> ////

Z

| Z

.' > (s'S é \ ’
/.

\ 5 Z N >
G  —_—
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Grover Search

Grover Algorithm

oy A" —{%J’-%E

@N

\ Repeat ~ ,\E times /
Optlmally—

w2

Quadratic speedup wrt the classical case, where
we have to evaluate this function 2V~ times
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Quantum Computing @ CINECA

CINECA: Italian HPC center
CINECA Quantum Computing Lab:
- Research with Universities, Industries and QC startups

- Internship programs, Courses and Conference (HPCQC) rmengoni@cineca.it

https://www.quantumcomputinglab.cineca.it
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